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Exact similarity solutions to some nonlinear diffusion equations
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Abstract. We give new closed-form similarity solutions to N-dimensional radially sym-
metric nonlinear diffusion equations with power-law and exponential diffusivities. These
solutions are generalisations of known similarity solutions.

1. Introduction

This paper is concerned with N-dimensional radially symmetric nonlinear diffusion
equations of the form

dc 1 9 _ ac
§=rN“5<rN 'D(c);;) (1.1)

(when N =1 we shall sometimes write x in place of r). In particular, we shall consider
the cases D(c)=c", so that

gc 1 a{ N, ac)

éc__1 38 n 8¢ 1.2

ot V7! ar(r “or (1.2)
and D(c)=¢", so that

ac_ l _‘2_ N-1 c?_f)

ot N1 ar<r ©or) (13)

Equations of the form (1.2), especially, have a large number of applications, for
both n >0 (‘slow’ diffusion) and n <0 (‘fast’ diffusion); see, for example, [1] and [2].
Large numbers of exact similarity solutions to (1.2) are already known (most have
been listed in [3], where some new forms were also determined; other recent results
were given in [4]).

Here we shall determine new results by generalising known instantaneous source
and dipole solutions to (1.2), after which we determine the corresponding solutions
to (1.3). We then give some extensions to these results, and we conclude with some
discussion.

2. Instantaneous source-type solutions

2.1, Introduction

The instantaneous source solution to {1.2) due to Barenblatt [5] and Pattle [6] takes
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the form, for n# =2/ N, of

c= t—N/(nN+2)f(r/tl/(nN-+-2)) (2'1)
while for n =—-2/ N we may write
c=e *N'f(r/e*) (2.2)

where A is an arbitrary constant.
These forms of similarity variable are chosen so that the total mass Q defined by

Q=J rNledr
0

is fixed in time when the integral exists.
Substituting (2.1) or (2.2) into (1.2) gives the ordinary differential equation

d d d
—A(NﬂN_1f+ nN—Z)=—<n”"f"—f) (2.3)
dn dn dn
where A = 1/(nN +2) corresponds to (2.1). Integrating (2.3) gives
d
—An™f= nN_‘f"—f+ a (2.4)
dn

where here and throughout the remainder « is an arbitrary constant. The usual
instantaneous source solution corresponds to & =0 and then either f=0 or

i/n
r=(Fw-nn) nmo

f=Be 2 n=0

where here and henceforth 8 is a further arbitrary constant.
The corresponding solutions for ¢ are best written in the form (assuming ¢>0 in
the cases {(a)-(c¢)):

(a) n>0

n r2 1/n
—_~N/inN+)} 2 1/(nN+2)
e [2(nN+2)<a WN*”)] e

= r= gt/ "N+

where B = a®. This solution for ‘slow’ diffusion has compact support and is the form
given in [5] and [6].
(b) n=0

- —p2
c = At N/2e ré/4t

where 8 = A.
(c) 0>n>—-2/N

— 2 1/n
— ;~N/(nN+2) n 2, r
T 2(aN+2)\* TN

where 8 = —a’.
(d) n=-2/N
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where B = —a’. In contrast to the previous cases the total mass Q associated with this

solution is unbounded.
(e) n<~2/N

N/(nN+2) —n 2 r? e
= (=)~ N/ + <0
c=(=1) [—2(nN+2)(a (—t)”‘"“”’)}

=0 t=0.

The total mass associated with the solution for 1 <0 is unbounded, but ¢ vanishes
everywhere at 1 =0. This is a consequence of the way the diffusivity ¢” blows up as
¢-0. We note that (1.1) is invariant under translations of ¢, so that the origin of time
can be chosen arbitrarily.

The solutions for the cases (a)-(c) are well known and have found wide physical
application.

We now return to (2.4) and obtain new solutions by considering the case a # 0 for
particular values of n and N.

2.2, The case n=-1

Equation (2.4) is then a Bernoulli equation that we solve by writing f=1/g to give

d _
E-g—an’ Ng=Am. (2.5)
n

When a #0, N # 2, the solution to (2.5) is given by
2—-N n 2-N
an an
= A ‘. -
§ exP(Z—N) IOnexp( 2—N)dn

where 7, is & .. arbitrary constant.
For N =1 we have

wn A
g=pBe "—;—2(14-(17;).
When 3 =0 this gives a travelling wave solution
c=a?/[A(ax+1)].
For N=3

2
g=Be—a/n+M(a+n)+/\_a_e'ﬂ/nEl __‘Z_
2 2 n

where

E\(2) =J ert

z

is the exponential integral.
Finally, for N =2,

A
g=pn“+—n? if @#2
2-a
and
g=pBn*+An’lnn if @ =2.
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2.3. The case n=-2/N

Here (2.4) is invariant under the rescaling group n - 87, f~ 8~ "f; the case n=-2,
N =1 has been solved in [7]. The substitutions

f=n""g §=Inn
transform (2.4) with n=-2/N into
%§= Ng-—agz/N _/\g1+2/N
so that g is given by
4 dg
LO Ng—agz/N _/\g1+2/N =¢

where g, is an arbitrary constant.
Corresponding to the case

2/N _

Ngo—agp

we have the solution

1+2/N =0

Ago

g=8o
which gives the steady state solution
c=gor N

When N =2 we have n = —1, which is included in the case given in section 2.2 above.

2.4. The case n= —1

If n= —} then we write f = g* to obtain the Riccati equation

d
217N—1-§+A17Ng2=—a (2.6)
dn
which we transform to a linear equation by the substitution
2 dg
g=T———
Ang dn
to give
d’q dg Aa ,_,
—— g —— = {), .

N =4 corresponds to the case given in section 2.3 and equation (2.7) is an Euler
equation; otherwise we write

1/2
2 =M__ p4-N/2

g=mny PRy,

to obtain

d?y dy( 4
stz P — |y =
T ARPTAAN (4—N)2)’v 0
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which is a Bessel equation with general solution
y=AJ,(z)+BY,(z)

where A and B are arbitrary constants and v =2/(4— N). The general solution to (2.6)
may then be written in the form:

1/2 1/2 1/2
_(« -N/ (Aa)”” <4—N>/2) _ (()‘0‘) <4—N>/z)]
g_(A) n Z[ij—l( 4—-N 7 +(1 ﬁ)Yu—l PY; n

172 172 !
[BJ ((;\a)N e N)/2>+(1 E)Y<(:Q)N 74" NW)] . (2.8)

3. ‘Dipole’-type solutions

3.1. Introduction

We now consider solutions that generalise the one-dimensional dipole solutions given
for n>0 in [8]. Solutions of this form in higher dimensions were referred to in [3]
and [4] but few of the details were worked out. The similarity variables are chosen to

fix
J' rcdr
0

in time (if the integral exists). In one dimension this corresponds to the centre of mass.
The appropriate similarity solution to (1.2) then takes the form

¢ =7V OTVf () /BRI if n#1 (3.1)
with
c=e"Mf(r/eM) ifn=-1 (3.2)

where A is an arbitrary constant. For N =2 these solutions are the same as those of
the previous section so we do not discuss N =2 further.
For n# -1, f satisfies the ordinary differential equation

1 : & _ df . af
2(n+1)(2nf+n dn) dn <f dn) (N-Df dn

giving

_ n___Z fn+l
1) n’f=nf +(N 27

+a. (3.3)

When a =0 (3.3) is a Bernoulli equation if n# 0 and may be solved in closed form
to give

i/n
— . (2=N)/(n+1) n A (nN+2)/(n+1) _2
f=n [2(nN+2) (B—7n )] n#0and n#* N

f=pBn*Ne 4 n=0 (3.4)

B 1 ) ﬂ)—N/z 2
f—<—-N_2n lnB n——-]-v—.
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The best form in which to write the solution for ¢ again depends on the values of
n and N. Since N is positive we may write (omitting the special cases n=0 and
n=-2/N):

(a) n>0

r
ey T
c=t <t1/[2(n+1)]

n r (nN+2)/(n+1) i/n

(nN+2)/(n+1) 1/[2(n+1}]
X{———1a -\ - r<at
{2(nN+2) [ (t‘”“"*‘”) ]}

-0 r= qV/ 2000,

(3.5)

)(2—-N)/(n+1)

This solution again has compact support, but
c>X as r->0if N>2.
(b) 0>n>-2/N

/ , r (2-N}/(n+1)
— 41/ (n+1
c=t (tl/[z(nﬂn)

-n (AN , r (nN+2)/(n+1) 1/n
nN+ n+1
* {2<nN+2) [" +(t”“<"“”) ]} ‘ 36

At a fixed value of 5 =r/t"1*™* V] this blows up as t > if n<—1 (which requires
N <2) and the corresponding value of r goes to zero while for n>—1 ¢ decays to
zero for fixed n as t > o0,

Solutions (3.5) and (3.6) each have
¢ =Qr- Nty as r->0

so that in (3.6), c> 0 as r->0if N>2 or if n<-1. Expression (3.6) also has

c=0(r¥") as -0,
(¢c)n<-2/N
e . r (2=-N)/(n+1)
-1/(n+
c=(-1) )<(_t)1/[2(n+1)]>
—-n (RN+2}/(n+1) r (nN+2)/(n+1) i/n
><{—2(nN+2) [“ +<(—t)”“‘"“”> ]} =9
=0 t=0. (3.7)

This solution extinguishes at finite time (z=0) if n<—1 and blows up at t=0 if

0> n> —1 (which requires N > 2); in the latter case r goes to zero for any fixed value
of

n= r(_t)—l/[2(n+\)].
In (3.7), c blows up as r»>0if N<2orif n>-1.
We note from (3.4)-(3.6) that since

¢ =0 (pE N/t as r->0
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and, if n <0,
c=0(r*'" as r->0

the conditions necessary for ff rc dr to be bounded are that n>—1 and n>1N -2,
For the total mass {3 r™ 'c dr to be bounded we need n>-2/N and n>~1.
Finally, we note that for n = -2/ N the solution (3.4) blows up both at » =0 and

atn=p.
The other special case we need to discuss is n = —1 so that (3.2) holds and

~Anif=nf %+(N——2) Inf+a

where a is an arbitrary constant. By the rescalings
foe e/ N=Df N> ATV /BN,

we may without loss of generality consider

—wf=n L (N2 (3.8)
7

Further progress towards an exact solution does not seem to be possible, although
(3.8) may be written in a more compact form by introducing

N

n=NY2gN
to give
- exp(~£2N) (39)
For N =1, (3.9) is invariant under two discrete transformations
§>-¢ q->-q
and
§-ig q-ié.
The first of these corresponds to the invariance of (3.8) under
n->-n f=f

which holds for any value of N.

We now return to (3.3) with n# —1 and with a #0, and determine the general
solution for particular values of n and N,

3.2 Thecasen= —14
We put f=g* so that for n= ~} (3.3) becomes the Riccati equation

d
27 d—‘:+2(N—2)g+ ngi=—a
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and writing g = (2/nq) dq/dn gives
d2

1, + 0
rps (N- 3) 4nq

/2 /2
= "(4—N)/2[AJ” (alz n) ¥ BY”(alz n)]

where A and B are arbitrary constants and » =2 —3N. Hence

_a—lf al/z,,7 _ a1/2n>][ (a1/2n> _ (91/277)]—1
g_ n [ﬁJv—l< 2 >+(1 B)Yv—l( 2 ﬂjv 2 +(1 B)Yv 2 .
(3.10)

For N =2, (3.10) is the same as (2.8), while for N =3 and N =1 (3.10) can be written
in a much simpler form.

so that

For N=3
al/2 a1/2
e ()
n 2
or
1/2 1/2
g=17—7—tanh(z-2—(n - no>) (cf [4])

where vy =—a and 7, is an arbitrary constant.
For N =1, (3.10) becomes

a
2—a'*y cotl3a'?(n = )]

g= (3.11)

or

y
2 - y"%n coth[3y"/*(n — 1o)]

g=- v=—a. (3.12)

Taking a - 0 with no=—a’a/12, (3.11) becomes

67

g="l3+a3

the usual dipole solution, while if we take n,—=> —c0 with y>0, (3.12) becomes

so that
. S
ui(x = put)?
where p =2/y'?, which is a travelling wave solution.
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3.3. The case n=3N-2
Writing
f=p@ Ny

(3.3) becomes

1 (2n+4=N)/(n+1) 3-~n_n 98
- " = Lo 3.13
2t " g=n""g8 dn a (3.13)

When n=3N -2, (3.13) is separable and has solution

g IN-2 1
J‘ ___g______ dg =———n N-2
w8t (N=2)a (N=-2)°
where g, is an arbitrary constant.
Corresponding to the case
g+ (N-2)a=0
we have g = g, giving the steady state solution
c=gor’.

For N =3 the solution of this section corresponds to that of section 3.2.

4. D(c)=exp(c)

We now turn to equation (1.3). If we write u =¢° then (1.3) becomes

u__t 3 (nn2)
at rN7lar or

whereas if we write u = ¢", (1.2) becomes

ou u 9 ( Not 6u> 1 (au>2

—=xag— |V =)+ =] .

at r or ar n\or
This indicates that (1.3) is related to (1.2) in the limit n > oo, It is therefore of interest
to determine the solutions of (1.3) that correspond to the limit as n - o of the solutions

we have already calculated. For both instantaneous source and dipole solutions the
relevant limit gives a similarity solution to (1.3) of the form

c==Int+f(r)
so that

__ 1 d/f na fif)

1_-rN'1 dr<r ©ar
and

1

ef=—-2—ﬁr2+a+[3r2'N if N#2
and

e/ =-ir+a+BInr if N=2.

The solution corresponding to N =1 has already been given in {3, 9].
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5. Some extensions

It is well known [10, 11] that for N =1 (1.2) may be mapped by a generalised Backlund
transformation into the closely related equation

9C_ 0 [ ~-2-n9C
aT_aX(C aX)' (5.1)

We make the transformation in two steps. Writing
c=3v/6x

the equation

0_€=i<cn£> (5.2)
ot 0x 4x
becomes
av [av\" d%v
—=|—] —. 53
ot (ax) ox? (5.3)

We may note in passing that solutions to (5.3) equivalent to those of section 2 (with
a =0, [12]) and sections 2 and 3 (with @ =0 and n=2, [13]) have been directly
determined apparently without recognising the equivalence to solutions of (5.2).
Equation (5.3) has a wide class of similarity solutions equivalent to those of (5.2)
including solutions of the form

v=t"%f(x/1"?)

which is appropriate to constant inlet and outface flow rates for the problem discussed
in [12], which, as mentioned in their discussion, could not be solved by the similarity
variables introduced by the authors.

Introducing the hodograph-type transformation

V=x X=v T=t (54)
equation (5.3) becomes

av_ (a_V)a_X

oT \oX X3

and writing C=9V/3aX =1/c gives (5.1).
We now apply this transformation to the solutions of sections 2 and 3 in turn.
If N=1, (24) is

(5.5)

~anf=f' g ta

and writing f=dh/dn gives
(2 £
dn \dn/ dn
and this is equivalent to seeking a similarity solution to (5.3) of the form
v=—calnt+h(x/t") A=1/{N+2) if ns-2
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and
v=—at+h(x/e*) if n=-2.
Applying the transformation (5.4) then gives
V=T'H(X+alnT) n#-2
V=e"H(X +aT) n=-2
where H(h(m)) =7, and this gives
C=T'F(X+alnT) n¥# -2
C=e""F(X+aT) n=-2

as a solution to (5.1) where F(n)=dH(n)/dn. Hence if @ =0 we obtain the separable
solution of (5.1) which can also be obtained directly (see, for example, [3]). For a #0
we have a similarity solution that has an application to dopant diffusion in silicon
([143). We may now extend the results of section 2 to obtain some solutions for « # 0.

(i) n=—1. Equations (5.1) and (5.2) then take the same form, and the solution
C=TF(X+alnT)

can be obtained directly from (5.1). We have

dF d dF
Fta—=—|F'—
adn dn( dn)

or, writing F =exp(p),

dp> d’p
p +ag— ) =—=
e (1 adn dﬂ2

which integrates to give

o] (140 32)s"]
2.0 X _ + g 1
a‘e adn ln[l adnB

which together with
Jdp/dn dqg N
2

o 1eq-In[(1+aq)/Bll(1+aq) «a

where g, is an arbitrary constant, gives the solution in implicit form. Corresponding
to B =0 we have the closed-form solution

P=po—n/a
giving the steady state solution
C =exp(po— X/ a).
(ii) n= -2, Equation (5.1) is then the linear diffusion equation and writing

C=e"F(X+aT)
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gives

so that C is in general the sum of two travelling wave solutions.
(iii) n= —4. Equation (5.1) is now

E_._._.i <C—3/2 92)
aT 8X 3X

and we are able to construct the general similarity solution of the form
C=T"*F(X+alnT)
by using (2.8), which for N =1 may be written as
- (&)/( YAI(=(a) n) (1= 7)Bi( =) ') )
4 yAI'(=(32)*n)+ (1 - y)Bi'(~(a)"*n)

where v is an arbitrary constant and Ai and Bi are Airy functions with derivatives Ai'
and Bi".
We construct F by writing

(5.6)

h(n)=[ g’(n) dn

Mo

where g(n)=f"*(n) is given by (5.6) and 7, is arbitrary. V is then given by
1%
h T =X+alnT (5.7)

and, differentiating (5.7),
C=T"/g(V/T*)

which together with (5.7) is an implicit solution for C. We have thus determined the
general solution of the equation

We now turn to extensions of the dipole solutions of section 3. For N =1 we have

if n#-1
1 ar\ d < ) df)
- +p—L]=— il
2<n+1><2f ”dn) an\/ an
and writing f=dh/dn gives
1 dh\ [ dh\" d’h
- p—l=l—) — .
2(n+1>(" ”dn) (dn) dn? (5:8)

(the constant of integration may be taken to be zero without loss of generality) so that

_ l h— 1 (ﬂ)rﬁ‘]— 59
2n+1) " n+1\dy * (5.9)
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The constant of integration must be chosen as —a to make (5.8) and (5.9) consistent
with (3.3).
If « =0 we have

n (n+2)/(n+1) (n+
h=-2 2(n+2)(B—n ) n#0 n#-2
h=-28e "/ n=0
h=[-41n(n/B)]1""* n=-2

which is equivalent to (3.4).
The corresponding similarity solution of (5.3} takes the form

v= t~l/[2(n+1)]h(x/tl/[2(n+1)])

and maps into the equivalent solution of (5.5), that is
V= Tl/[2(n+1)]H(XT1/[2(n+1)])

where H(h(n))=7.
We may therefore use the solution (3.11) to obtain the general dipole solution to

€2 (¢ )
aT 8X X

as follows (this solution also corresponds to that of section 3.3 with N =1),
We calculate h from

h(n)=J g%(n) dn

7o

with g(n) given by (3.11). V is then given by

h(V/T)=XT (5.10)
so C is determined by (5.10) and

C=T?*g*V/T).

We remark that (5.9) is a Riccati equation for » when n=—3%; when n= -3 itis a
Riccati equation for n(h), which provides an alternative means for the derivation of
this solution. More generally, the transformation h- n, n -~ h (which is essentially
(5.4)) maps (5.9) into another equation of the same type. When n= -2, (5.4) is then
mapped into a linear equation so that the general solution may be found.
Finally, if n=—1 we have
df ) d < _, df )
A 2f+yp=)=— =
(2 "an) T \U

so writing f=dh/dn gives

_)‘(H 9_’1>_(§£>_'22_”
77dor) “\dn/ dn?

dh
T =a¢

dn

so that

—Anh
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where « is chosen to be consistent with section 4. This is equivalent to (3.9) with N=1
(to obtain (3.9) for N =1 we write f = exp(nq) which implies that f =dg/dn) and the
second discrete invariant of (3.9) arises from the well known (for example, [15])
discrete invariant of

Bv_ (ée) v
ot \ax/ ax?

given by v-> x and x> v.
A number of further generalisations in one dimension are possible; by the transfor-
mations described in [9] solutions of (1.2) may be used to give solutions of

dc 0o

ac
—=—\(c+e)"(c+c '2_"—)
o ax(( ) (et e)

where ¢, and ¢, are constants, and solutions of (1.3) can be transformed to solutions
of

.2 ((c+cl)‘2 e'“/““')ic-).
x ax

6. Discussion

We have derived a number of exact solutions of nonlinear diffusion equations, and
some of these can be used to illustrate a number of unusual effects. In particular, the
solutions (3.5)-(3.7) have the following behaviour (with n# -2/N, n# —1, N #2):

(I) As r>0, ¢c=0(r* N7} The local behaviour near r =0 is therefore quasi-
steady. If N>2, n>—1or N<2, n<-1 we have c»>c0 as r->0"; otherwise c->0 as
r-0"

(IT) For n> =2/ N the behaviour as ¢ > +c0o is as follows:

at fixed 7,
c->0 as t->oo if n>-1
c-> 0 as t—-» oo if n<—-1.
at fixed r>0,
n->0 as t—»o if n>-1
n->0 as t—->o if n<-1
and
o~ r(2-N)/(n+1)t—(2n+4—N)/2(n+l)2 as = 00 if n>—1
c~r¥/rgn as t—> oo if n<-—1

so that at fixed »>0, cblowsup as t>0 if n<—-1orif n>~1and N>2(n+2), and
¢ decays to zero as t> if n> -1 and N<2(n+2).
(IIT) For n< -2/ N the behaviour as ¢t = 0~ is as follows:

at fixed 7,
c->0 as t>0" if n>-1

¢c->0 as t->0" if n<—1
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at fixed r>0,

n->o as t>0" if n>-1
n->0 as t->0" if n<-1
and
e~ rM(=n7V" as t>0" if n>-1
C~r(z‘N)/(n‘\"l)(_t)—(2n+4—N)/2(n+1)2 as t->0" ifn<—1

so that at fixed r>0, ¢ blows up as t> 07 if n< -1 and N <2(n+2), and ¢ vanishes
ast>0"if n>—-1lorif n<—1and N>2(n+2).

We note that the two cases in which ¢ blows up at fixed n are cases in which c>
as r>0" for all time. They are also the two cases in which the behaviour in time is
qualitatively different from the solutions of section 2 with a = 0; in the latter case ¢ >0
as t>+o0if n>-2/N and ¢c»>0as t->0 if n<—-2/N. In section 2 n=-2/ N is the
important dividing line; in the dipole case n=~1, N=2 and N =2(n+2) are also of
importance.

These four dividing lines cross at n =—1, N =2 and there is a simple change of
variable that maps this case into the one-dimensional case. Given

ac 1a( _lac)
RAEILEY U i
at ror ar

u=r’c x=Inr

ou_3 (u-x a_u)
at  ox ax/’
Hence for n = —1 the one-dimensional solutions can be mapped into radially symmetric

solutions and vice versa. In particular, in this paper we have constructed the general
similarity solutions of the form (in the current notation)

u=1t"1f(x/1 u=tf(x+alni)

we write

to obtain

and these map, respectively, to the cylindrically symmetric solutions
c=r 27 ((In )/ 1) c=1"2f(r/1%)

where f(n)='q'2f(ln 7); the latter case encompasses a whole class of similarity
solutions. We have also given the first integral of the ordinary differential equation
corresponding to

u=e"f(x/e")
and this maps to
c=r2e*f(Inr/e™).
Finally, we have constructed the general cylindrical similarity solution

c=e Mf(r/eM)
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and this maps to the travelling wave solution
u= f (x—At)

where
Flmy =€ (e.

We summarise our results by listing the cases for which we have obtained the most
general similarity solution of the given form (A and a are arbitrary constants).

(i) Solutions to equation (1.2) in the following special cases:

(a)
n=-—% =t NN/ G section 2.4
c=1t"*f(r/t) section 3.2
(b)
n=-1 = NCTNIf () END) N#2  section 2.2
c=tf(r+alnt) N= section 5, (i)
c=eMf(r/eM) N=2  section 2.2
c=r2t7'f((Inr)/t) N=2  section6
c=t"72f(r/t%) N=2  section 6
(¢)
n=-—3 c=t"f(r+alnt) N=1 section 35, (iii)
c=tf(r) N=1 section 5, (5.10)
(d)
n=-2/N c=e*"Nf(r/e*) section 2.3
(e)
n=iN=2 ¢=t"N"If(p/ /(N2 N#2  section 3.3.

(ii) Solutions to equation (1.3) of the form
c=~Int+f(r) section 4.

The most general similarity solutions that we have been able to construct for (1.2)
are all for ‘fast’ diffusion cases with n=—-1,n=-2/N,n=iN-2, n=-}and n=-3.
While this paper is not concerned with the applications of these solutions it is worth
pointing out that diffusivities like these arise in a large number of contexts. For example,

n = —3}arises in plasma diffusion [16] and in the thermal expulsion of liquid helium [17].
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